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Abstract
In this paper, it is elaborated the theory the Ricci flows for man-
ifolds enabled with nonintegrable (nonholonomic) distributions defin-
ing nonlinear connection structures. Such manifolds provide a unified
geometric arena for nonholonomic Riemannian spaces, Lagrange me-
chanics, Finsler geometry, and various models of gravity (the Einstein
theory and string, or gauge, generalizations). We follow the method
of nonhlonomic frames with associated nonlinear connection structure
and define certain classes of nonholonomic constraints on Riemann
manifolds for which various types of generalized Finsler geometries
can be modelled by Ricci flows. We speculate on possible applications
of the nonholonomic flows in modern geometry, geometric mechanics
and physics.
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1 Introduction
A series of most remarkable results in mathematics are related to Grisha
Perelman’s proof of the Poincare Conjecture [1, 2, 3] built on geometrization
(Thurston) conjecture [4, 5], for three dimensional Riemannian manifolds,
and R. Hamilton’s Ricci flow theory [6, 7], see reviews and basic references
in [8, 9, 10, 11]. Much of the works on Ricci flows has been performed
and validated by experts in the area of geometric analysis and Riemannian
geometry.
Some geometric approaches in modern gravity and string theory are con-
nected to the method of moving frames and distributions of geometric ob-
jects on (semi) Riemannian manifolds and their generalizations to spaces
provided with nontrivial torsion, nonmetricity and/or nonlinear connection
structures [12, 13]. The geometry of nonholonomic manifolds1 and non–
Riemannian spaces2 is largely applied in mechanics and classical/quantum
field theory [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27]. Such spaces
are characterized by three fundamental geometric objects: nonlinear connec-
tion (N–connection), linear connection and metric. There is an important
geometrical problem to prove the existence of the ”best possible” metric and
linear connection adapted to a N–connection structure. From the point of
view of Riemannian geometry, the Thurston conjecture only asserts the exis-
tence of a best possible metric on an arbitrary closed three dimensional (3D)
manifold.
It is a very difficult task to define Ricci flows of mutually compatible fun-
damental geometric structures on non–Riemannian manifolds (for instance,
on a Finsler manifold). For such purposes, we can also apply the Hamilton’s
approach but correspondingly generalized in order to describe nonholonomic
(constrained) configurations. The first attempts to construct exact solutions
of the Ricci flow equations on nonholonomic Einstein and Riemann–Cartan
(with nontrivial torsion) manifolds, generalizing well known classes of exact
solutions in Einstein and string gravity, were performed in Refs. [28, 29, 30]
(on extracting holonomic solutions see [31]).
We take a unified point of view to Riemannian and generalized Finsler–
Lagrange spaces following the geometry of nonholonomic manifolds and ex-
ploit the similarities and emphasize differences between locally isotropic and
anisotropic Ricci flows. In our works, it will be shown when the remark-
1a rigorous definition will be presented few paragraphs below, see also Definition 2.3
2as particular cases, we can consider the Riemannian–Finsler and Lagrange–Hamilton
geometry, nonholonomic Lie algebroids, Riemann–Cartan and metric–affine spaces; in
brief, all such spaces will be called non–Riemannian even some Finsler geometries can be
equivalently modelled as Riemannian nonholonomic manifolds
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able Perelman–Hamilton results hold true for more general non–Riemannian
configurations. It should be noted that this is not only a straightforward
technical extension of the Ricci flow theory to certain manifolds with addi-
tional geometric structures. The problem of constructing the Finsler–Ricci
flow theory contains a number of new conceptual and fundamental issues on
compatibility of geometrical and physical objects and their optimal configu-
rations.
There are at least three important arguments supporting the investiga-
tion of nonholonomic Ricci flows: 1) The Ricci flows of a Riemannian metric
may result in a Finsler like metric if the flows are subjected to certain nonin-
tegrable constraints and modelled with respect to nonholonomic frames (we
shall prove it in this work). 2) Generalized Finsler like metrics appear natu-
rally as exact solutions in Einstein, string, gauge and noncommutative grav-
ity, parametrized by generic off–diagonal metrics, nonholonomic frames and
generalized connections (see summaries of results and methods in [25, 26]). It
is an important physical task to analyze Ricci flows of such solutions as well
of other physically important solutions (for instance, black holes, solitonic
and/pp–waves solutions, Taub NUT configurations [28, 29, 30]) resulting in
nonholonomic geometric configurations. 3) Finally, the fact that a 3D mani-
fold posses a ”best” Riemannian metric, which implies certain fundamental
consequences (for instance) for our spacetime topology, does not prohibit
us to consider other types of ”also not bead” metrics with possible local
anisotropy and nonholonomic gravitational interactions. What are the nat-
ural evolution equations for such configurations and how we can relate them
to the topology of nonholonomic manifolds? We shall address such questions
in this (for regular Lagrange systems) and our further works.
The notion of nonholonomic manifold was introduced independently by
G. Vraˇnceanu [32] and Z. Horak [33] as a need for geometric interpretation of
nonholonomic mechanical systems (see modern approaches, criticism and his-
torical remarks in Refs. [34, 26, 35]).3 A pair (M,D), where M is a manifold
and D is a nonintegrable distribution on M , is called a nonholonomic mani-
fold. Three well known classes of nonholonomic manifolds, when the nonholo-
nomic distribution defines a nonlinear connection (N–connection) structure,
are defined by the Finsler spaces [36, 37, 38] and their generalizations as
3For simplicity, we assume throughout this article that all manifolds are smooth and
orientable, even they are provided, or not, with nonholonomic distributions. In literature,
it is used the equivalent term ”anholonomic”. One should be noted here that different
types of anholonomic geometries have been elaborated, for different nonintegrable (non-
holonomic) structures on manifolds, by various schools in geometry, mechanics and field
theory which resulted in certain confusion in terminology and priorities. In order to avoid
ambiguities, we ask the reader to follow our definitions.
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Lagrange and Hamilton spaces [39, 14, 15, 16] (usually such geometries are
modelled on the tangent bundle TM).More recent examples, related to exact
off–diagonal solutions and nonholonomic frames in Einstein/ string/ gauge/
noncommutative gravity and nonholonomic Fedosov manifolds [25, 40, 26]
also emphasize nonholonomic geometric structures.
Let us now sketch the Ricci flow program for nonholonomic manifolds
and Lagrange–Finsler geometries. Different models of ”locally anisotropic”
spaces can be elaborated for different types of fundamental geometric struc-
tures (metric, nonlinear and linear connections). In general, such spaces
contain nontrivial torsion and nonmetricity fields. It would be a very dif-
ficult technical task to generalize and elaborate new proofs for all types
of non–Riemannian geometries. Our strategy will be different: We shall
formulate the criteria when certain type of Finsler like geometries can be
”extracted” (by imposing the corresponding nonholonomic constraints) from
”well defined” Ricci flows of Riemannian metrics. This is possible because
such geometries can be equivalently described in terms of the Levi Civita
connections or by metric configurations with nontrivial torsion induced by
nonholonomic frames. By nonholonomic transforms of geometric structures,
we shall be able to generate certain classes of nonmetric geometries and/or
generalized torsion configurations.
The aim of this paper (the first one in a series of works) is to formulate
the Ricci flow equations on nonholonomic manifolds and prove the condi-
tions when such configurations (of Finsler–Lagrange type and in modern
gravity) can be extracted from well defined flows of Riemannian metrics and
evolution of preferred frame structures. Further works will be devoted to
explicit generalizations of G. Perelman results [1, 2, 3] for nonholonomic
manifolds and spaces provided with almost complex structure generated by
nonlinear connections. We shall also construct new classes of exact solu-
tions of nonholonomic Ricci flow equations, with noncommutative and/or Lie
algebroid symmetry, defining locally anisotropic flows of black hole, worm-
hole and cosmological configurations and developing the results from Refs.
[28, 29, 30, 25, 26, 27].
The works is organized as follow: One starts with preliminaries on ge-
ometry of nonholonomic manifolds provided with nonlinear connection (N–
connection) structure in Section 2. We show how nonholonomic configu-
rations can be naturally defined in modern gravity and the geometry of
Riemann–Finsler and Lagrange spaces in Section 3. Section 4 is devoted
to the theory of anholonomic Ricci flows: we analyze the evolution of dis-
tinguished geometric objects and speculate on nonholonomic Ricci flows
of symmetric and nonsymmetric metrics. In Section 5, we prove that the
Finsler–Ricci flows can be extracted from usual Ricci flows by imposing cer-
4
tain classes of nonholonomic constraints and deformations of connections.
We also study regular Lagrange systems and consider generalized Lagrange–
Ricci flows. The Appendix outlines some necessary results from the local
geometry of N–anholonomic manifolds.
Notation Remarks: We shall use both the coordinate free and local
coordinate formulas which is convenient both to introduce compact denota-
tions and sketch some proofs. The left up/lower indices will be considered as
labels of geometrical objects, for instance, on a nonholonomic Riemannian of
Finsler space. The boldfaced letters will point that the objects (spaces) are
adapted (provided) to (with) nonlinear connection structure.
2 Preliminaries: Nonholonomic Manifolds
We recall some basic facts in the geometry of nonholonomic manifolds
provided with nonlinear connection (N–connection) structure. The reader
can refer to [26, 25, 40, 34] for details and proofs (for some important results
we shall sketch the key points for such proofs). On nonholonomic vectors
and (co–) tangent bundles and related Riemannian–Finsler and Lagrange–
Hamilton geometries, we send to Refs. [14, 15, 16, 37, 38].
2.1 N–connections
Consider a (n+m)–dimensional manifold V, with n ≥ 2 and m ≥ 1 (for
a number of physical applications, it is equivalently called to be a physical
and/or geometric space). In a particular case, V =TM, with n = m (i.e.
a tangent bundle), or V = E = (E,M), dimM = n, is a vector bundle
on M, with total space E. In a general case, we can consider a manifold
V provided with a local fibred structure into conventional ”horizontal” and
”vertical” directions. The local coordinates on V are denoted in the form
u = (x, y), or uα = (xi, ya) , where the ”horizontal” indices run the values
i, j, k, . . . = 1, 2, . . . , n and the ”vertical” indices run the values a, b, c, . . . =
n + 1, n + 2, . . . , n +m.4 We denote by pi⊤ : TV → TM the differential of
a map pi : V → V defined by fiber preserving morphisms of the tangent
bundles TV and TM. The kernel of pi⊤ is just the vertical subspace vV with
a related inclusion mapping i : vV→ TV.
Definition 2.1 A nonlinear connection (N–connection) N on a manifold V
4For the tangent bundle TM, we can consider that both type of indices run the same
values.
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is defined by the splitting on the left of an exact sequence
0→ vV
i
→ TV→ TV/vV→ 0,
i. e. by a morphism of submanifolds N : TV → vV such that N ◦ i is the
unity in vV.
Locally, a N–connection is defined by its coefficients Nai (u),
N = Nai (u)dx
i ⊗
∂
∂ya
. (1)
Globalizing the local splitting, one prove:
Proposition 2.1 Any N–connection is defined by a Whitney sum of conven-
tional horizontal (h) subspace, (hV) , and vertical (v) subspace, (vV) ,
TV = hV ⊕ vV. (2)
The sum (2) states on TV a nonholonomic (equivalently, anholonomic,
or nonintegrable) distribution of horizontal and vertical subspaces. The well
known class of linear connections consists on a particular subclass with the
coefficients being linear on ya, i.e. Nai (u) = Γ
a
bj(x)y
b.
The geometric objects on V can be defined in a form adapted to a N–
connection structure, following certain decompositions being invariant under
parallel transports preserving the splitting (2). In this case, we call them
to be distinguished (by the N–connection structure), i.e. d–objects. For
instance, a vector field X ∈ TV is expressed
X = (hX, vX), or X = Xαeα = X
iei +X
aea,
where hX = X iei and vX = X
aea state, respectively, the adapted to the N–
connection structure horizontal (h) and vertical (v) components of the vector.
In brief, X is called a distinguished vectors, in brief, d–vector). In a similar
fashion, the geometric objects on V like tensors, spinors, connections, ... are
called respectively d–tensors, d–spinors, d–connections if they are adapted
to the N–connection splitting (2).
Definition 2.2 The N–connection curvature is defined as the Neijenhuis
tensor,
Ω(X,Y) + [vX, vY ] + v[X,Y]− v[vX,Y]− v[X,vY ]. (3)
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In local form, we have for (3)
Ω =
1
2
Ωaij d
i ∧ dj ⊗ ∂a,
with coefficients
Ωaij =
∂Nai
∂xj
−
∂Naj
∂xi
+N bi
∂Naj
∂yb
−N bj
∂Nai
∂yb
. (4)
Any N–connection N may be characterized by an associated frame (viel-
bein) structure eν = (ei, ea), where
ei =
∂
∂xi
−Nai (u)
∂
∂ya
and ea =
∂
∂ya
, (5)
and the dual frame (coframe) structure eµ = (ei, ea), where
ei = dxi and ea = dya +Nai (u)dx
i. (6)
These vielbeins are called respectively N–adapted frames and coframes. In
order to preserve a relation with the previous denotations [25, 26], we em-
phasize that eν = (ei, ea) and e
µ = (ei, ea) are correspondingly the former
”N–elongated” partial derivatives δν = δ/∂u
ν = (δi, ∂a) and N–elongated dif-
ferentials δµ = δuµ = (di, δa). This emphasizes that the operators (5) and (6)
define certain “N–elongated” partial derivatives and differentials which are
more convenient for tensor and integral calculations on such nonholonomic
manifolds.5 The vielbeins (6) satisfy the nonholonomy relations
[eα, eβ] = eαeβ − eβeα = W
γ
αβeγ (7)
with (antisymmetric) nontrivial anholonomy coefficients W bia = ∂aN
b
i and
W aji = Ω
a
ij . The above presented formulas present the proof of
Proposition 2.2 A N–connection on V defines a preferred nonholonomic
N–adapted frame (vielbein) structure e = (he, ve) and its dual e˜ = (he˜, ve˜)
with e and e˜ linearly depending on N–connection coefficients.
For simplicity, we shall work with a particular class of nonholonomic
manifolds:
5We shall use always ”boldface” symbols if it would be necessary to emphasize that cer-
tain spaces and/or geometrical objects are provided/adapted to a N–connection structure,
or with the coefficients computed with respect to N–adapted frames.
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Definition 2.3 A manifold V is N–anholonomic if its tangent space TV it
enabled with a N–connection structure (2).
There are two important examples of N–anholonomic manifolds, when
V = E, or TM :
Example 2.1 A vector bundle E = (E, pi,M,N), defined by a surjective
projection pi : E → M, with M being the base manifold, dimM = n, and
E being the total space, dimE = n +m, and provided with a N–connection
splitting (2) is called N–anholonomic vector bundle. A particular case is that
of N–anholonomic tangent bundle TM = (TM, pi,M,N), with dimensions
n = m.
In a similar manner, we can consider different types of (super) spaces,
Riemann or Riemann–Cartan manifolds, noncommutative bundles, or super-
bundles, provided with nonholonomc distributions (2) and preferred systems
of reference [25, 26].
2.2 Torsions and curvatures of d–connections and d–
metrics
One can be defined N–adapted linear connection and metric structures:
Definition 2.4 A distinguished connection (d–connection) D on a N–anho-
lonomic manifold V is a linear connection conserving under parallelism the
Whitney sum (2).
For any d–vectorX, there is a decomposition ofD into h– and v–covariant
derivatives,
DX+ X⌋D = hX⌋D+ vX⌋D =DhX +DvX = hDX + vDX . (8)
The symbol ”⌋” in (8) denotes the interior product. We shall write con-
ventionally that D =(hD, vD), or Dα = (Di, Da). For convenience, in
Appendix, we present some local formulas for d–connections D = {Γγαβ =(
Lijk, L
a
bk, C
i
jc, C
a
bc
)
}, with hD = (Lijk, L
a
bk) and vD = (C
i
jc, C
a
bc), see (A.6).
Definition 2.5 The torsion of a d–connection D =(hD, vD), for any d–
vectors X,Y is defined by d–tensor field
T(X,Y) + DXY −DYX− [X,Y]. (9)
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One has a N–adapted decomposition
T(X,Y) = T(hX, hY ) +T(hX, vY ) +T(vX, hY ) +T(vX, vY ). (10)
Considering h- and v–projections of (10) and taking in the account that
h[vX, vY ] = 0, one proves
Theorem 2.1 The torsion T of a d–connection D is defined by five non-
trivial d–tensor fields adapted to the h– and v–splitting by the N–connection
structure
hT (hX, hY ) + DhX hY −DhY hX − h[X,Y],
vT (hX, hY ) + v[hY, hX ],
vT (hX, vY ) + − vDvY hX − h[hX, vY ],
vT (hX, vY ) + vDhX vY − v[hX, vY ],
vT (vX, vY ) + vDX vY − vDY vX − v[vX, vY ].
The d–torsions hT (hX, hY ), vT (vX, vY ), ... are called respectively the h
(hh)–torsion, v(vv)–torsion and so on. The local formulas (A.9) for torsion
T are given in Appendix.
Definition 2.6 The curvature of a d–connection D is defined
R(X,Y) + DXDY −DYDX−D[X,Y] (11)
for any d–vectors X,Y.
By straightforward calculations, one check the properties
hR(X,Y) vZ = 0, vR(X,Y)hZ = 0,
R(X,Y)Z = hR(X,Y)hZ + vR(X,Y) vZ,
for any for any d–vectors X,Y,Z.
Theorem 2.2 The curvature R of a d–connection D is completely defined
by six d–curvatures
R(hX,hY )hZ =
(
DhXDhY −DhYDhX −D[hX,hY ] − vD[hX,hY ]
)
hZ,
R(hX,hY ) vZ =
(
DhXDhY −DhYDhX −D[hX,hY ] − vD[hX,hY ]
)
vZ,
R(vX,hY )hZ =
(
DhXDhY −DhY DvX −D[vX,hY ] − vD[vX,hY ]
)
hZ,
R(vX,vY ) vZ =
(
DvX DhY − DhY DvX −Dh[vX,hY ] −Dv[vX,hY ]
)
vZ,
R(vX,vY )hZ =
(
DvXDvY −DvYDvX −Dv[vX, vY ]
)
hZ,
R(vX,vY )vZ =
(
DvXDvY −DvY DvX −Dv[vX,vY ]
)
vZ.
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The formulas for local coefficients of d–curvatures R = {Rαβγδ} are given
in Appendix, see (A.11).
Definition 2.7 A metric structure g˘ on a N–anholonomic manifold V is a
symmetric covariant second rank tensor field which is not degenerated and of
constant signature in any point u ∈ V.
In general, a metric structure is not adapted to a N–connection structure.
Definition 2.8 A d–metric g = hg ⊕N vg is a usual metric tensor which
contracted to a d–vector results in a dual d–vector, d–covector (the duality
being defined by the inverse of this metric tensor).
The relation between arbitrary metric structures and d–metrics is estab-
lished by
Theorem 2.3 Any metric g˘ can be equivalently transformed into a d–metric
g = hg(hX, hY ) + vg(vX, vY ) (12)
adapted to a given N–connection structure.
Proof. We introduce denotations hg˘(hX, hY ) = hg(hX, hY ) and vg˘(vX,
vY ) = vg(vX, vY ) and try to find a N–connection when
g˘(hX, vY ) = 0 (13)
for any d–vectors X,Y. In local form, the equation (13) is an algebraic
equation for the N–connection coefficients Nai , see formulas (A.1) and (A.2)
in Appendix. 
A distinguished metric (in brief, d–metric) on a N–anholonomic manifold
V is a usual second rank metric tensor g which with respect to a N–adapted
basis (6) can be written in the form
g = gij(x, y) e
i ⊗ ej + hab(x, y) e
a ⊗ eb (14)
defining a N–adapted decomposition g =hg⊕Nvg = [hg, vg].
From the class of arbitrary d–connections D on V, one distinguishes
those which are metric compatible (metrical d–connections) satisfying the
condition
Dg = 0 (15)
including all h- and v-projections
Djgkl = 0, Dagkl = 0, Djhab = 0, Dahbc = 0.
Different approaches to Finsler–Lagrange geometry modelled on TM (or on
the dual tangent bundle T∗M, in the case of Cartan–Hamilton geometry)
were elaborated for different d–metric structures which are metric compatible
[36, 14, 15, 16] or not metric compatible [38].
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2.3 (Non) adapted linear connections
For any metric structure g on a manifold V, there is the unique metric
compatible and torsionless Levi Civita connection ∇ for which ∇T α = 0 and
∇g = 0. This is not a d–connection because it does not preserve under paral-
lelism the N–connection splitting (2) (it is not adapted to the N–connection
structure).
Theorem 2.4 For any d–metric g = [hg, vg] on a N–anholonomic man-
ifold V, there is a unique metric canonical d–connection D̂ satisfying the
conditions D̂g =0 and with vanishing h(hh)–torsion, v(vv)–torsion, i. e.
hT̂ (hX, hY ) = 0 and vT̂ (vX, vY ) = 0.
Proof. By straightforward calculations, we can verify that the d–connec-
tion with coefficients Γ̂γαβ =
(
L̂ijk, L̂
a
bk, Ĉ
i
jc, Ĉ
a
bc
)
, see (A.15) in Appendix,
satisfies the condition of Theorem.
Definition 2.9 A N–anholonomic Riemann–Cartan manifold RCV is de-
fined by a d–metric g and a metric d–connection D structures. For a par-
ticular case, we can consider that a space RV̂ is a N–anholonomic Riemann
manifold if its d–connection structure is canonical, i.e. D =D̂.
The d–metric structure g on RCV is of type (14) and satisfies the metric-
ity conditions (15). With respect to a local coordinate basis, the metric g
is parametrized by a generic off–diagonal metric ansatz (A.2). For a par-
ticular case, we can take D =D̂ and treat the torsion T̂ as a nonholonomic
frame effect induced by a nonintegrable N–splitting. We conclude that a N–
anholonomic Riemann manifold is with nontrivial torsion structure (A.9) (de-
fined by the coefficients of N–connection (1), and d–metric (14) and canonical
d–connection (A.15)). Nevertheless, such manifolds can be described alterna-
tively, equivalently, as a usual (holonomic) Riemann manifold with the usual
Levi Civita for the metric (A.1) with coefficients (A.2). We do not distinguish
the existing nonholonomic structure for such geometric constructions.
For more general applications, we have to consider additional torsion
components, for instance, by the so–called H–field in string gravity [41].
Theorem 2.5 The geometry of a (semi) Riemannian manifold V with pre-
scribed (n+m)–splitting (nonholonomic h- and v–decomposition) is equivalent
to the geometry of a canonical RV̂.
Proof. Let gαβ be the metric coefficients, with respect to a local coor-
dinate frame, on V. The (n + m)–splitting states for a paramterization of
11
type (A.2) which allows us to define the N–connection coefficients Nai by
solving the algebraic equations (A.3) (roughly speaking, the N–connection
coefficients are defined by the ”off–diagonal” N–coefficients, considered with
respect to those from the blocks n×n andm×m). Having definedN = {Nai },
we can compute the N–adapted frames eα (5) and e
β (6) by using frame trans-
forms (A.4) and (A.5) for any fixed values e ii (u) and e
a
a (u); for instance, for
coordinate frames e ii = δ
i
i and e
a
a = δ
a
a . As a result, the metric structure is
transformed into a d–metric of type (14). We can say that V is equivalently
re–defined as a N–anholonomic manifold V.
It is also possible to compute the coefficients of canonical d–connection
D̂ following formulas (A.15). We conclude that the geometry of a (semi)
Riemannian manifold V with prescribed (n +m)–splitting can be described
equivalently by geometric objects on a canonical N–anholonomic manifold
RV̂ with induced torsion T̂ with the coefficients computed by introducing
(A.15) into (A.9).
The inverse construction also holds true: A d–metric (14) on RV̂ is also
a metric on V but with respect to certain N–elongated basis (6). It can be
also rewritten with respect to a coordinate bases having the parametrization
(A.2). 
From this Theorem, by straightforward computations with respect to N–
adapted bases (6) and (5), one follows
Corollary 2.1 The metric of a (semi) Riemannian manifold provided with
a preferred N–adapted frame structure defines canonically two equivalent lin-
ear connection structures: the Levi Civita connection and the canonical d–
connection.
Proof. On a manifold RV̂, we can work with two equivalent linear con-
nections. If we follow only the methods of Riemannian geometry, we have to
chose the Levi Civita connection. In some cases, it may be optimal to elabo-
rate a N–adapted tensor and differential calculus for nonholnomic structures,
i.e. to chose the canonical d–connection. With respect to N–adapted frames,
the coefficients of one connection can be expressed via coefficients of the sec-
ond one, see formulas (A.16) and (A.15). Both such linear connections are
defined by the same off–diagonal metric structure. For diagonal metrics with
respect to local coordinate frames, the constructions are trivial.
Having prescribed a nonholonomic n+m splitting on a manifold V, we can
define two canonical linear connections ∇ and D̂. Correspondingly, these con-
nections are characterized by two curvature tensors,
p
Rαβγδ(∇) (computed by
introducing
p
Γαβγ into (A.7) and (A.10)) and R
α
βγδ(D̂) (with the N–adapted
12
coefficients computed following formulas (A.11)). Contracting indices, we
can commute the Ricci tensor Ric(∇) and the Ricci d–tensor Ric(D̂) follow-
ing formulas (A.12), correspondingly written for ∇ and D̂. Finally, using the
inverse d–tensor gαβ for both cases, we compute the corresponding scalar cur-
vatures sR(∇) and sR(D̂), see formulas (A.13) by contracting, respectively,
with the Ricci tensor and Ricci d–tensor.
2.4 Metrization procedure and preferred linear con-
nections
On a N–anholonomic manifold V, with prescribed fundamental geomet-
ric structures g and N, we can consider various classes of d–connections D,
which, in general, are not metric compatible, i.e. Dg 6= 0. The canonical
d–connection D̂ is the ”simplest” metric one, with respect to which other
classes of d–connections D = D̂ + Z can be distinguished by their defor-
mation (equivalently, distorsion, or deflection) d–tensors Z. Every geometric
construction performed for a d–connection D can be redefined for D̂, and
inversely, if Z is well defined.
Let us consider the set of all possible nonmetric and metric d–connections
constructed only form the coefficients of a d–metric and N–connection struc-
ture, gij, hab and N
a
i , and their partial derivatives. Such d–connections can
be generated by two procedures of deformation,
Γ̂γαβ →
[K]Γγαβ = Γ
γ
αβ +
[K]Zγαβ (Kawaguchi’s metrization [42, 43]) ,
or → [M ]Γγαβ = Γ̂
γ
αβ +
[M ]Zγαβ (Miron’s connections [15] ),
where [K]Zγαβ and
[M ]Zγαβ are deformation d–tensors.
Theorem 2.6 For given d–metric gαβ = [gij, hab] and N–connection N =
{Nai } structures, the deformation d–tensor
[K]Zγαβ = {
[K]Z ijk =
1
2
gimDjgmk,
[K]Zabk =
1
2
hacDkhcb,
[K]Z ija =
1
2
gimDagmj,
[K]Zabc =
1
2
hadDchdb}
transforms a d–connection Γγαβ =
(
Lijk, L
a
bk, C
i
jc, C
a
bc
)
into a metric d–connec-
tion
[K]Γγαβ =
(
Lijk +
[K]Z ijk, L
a
bk +
[K]Zabk, C
i
jc +
[K]Z ija, C
a
bc +
[K]Zabc
)
.
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Proof. It consists from a straightforward verification that the conditions
metricity conditions [K]Dg = 0 are satisfied (similarly as in [15], on N–
anholonomic vector bundles, and Chapter 1 in [26], for generalized Finsler–
affine spaces). 
Theorem 2.7 For fixed d–metric, gαβ = [gij, hab], and N–connection, N =
{Nai }, structures the set of metric d–connections
[M ]Γγαβ = Γ̂
γ
αβ +
[M ]Zγαβ
is defined by the deformation d–tensors
[M ]Zγαβ = {
[M ]Z ijk =
[−]OlikmY
m
lj ,
[M ]Zabk =
[−]OeabdY
m
ej ,
[M ]Z ija =
[+]Omijk Y
k
mc,
[M ]Zabc =
[+]OeabdY
d
ec}
where the so–called Obata operators are defined
[±]Olikm =
1
2
(
δlkδ
i
m ± gkmg
li
)
and [±]Oeabd =
1
2
(δebδ
a
d ± hbdh
ea)
and Y mlj , Y
m
ej , Y
k
mc, Y
d
ec are arbitrary d–tensor fields.
Proof. It also consists from a straightforward verification. Here we note,
that [M ]Γγαβ are generated with prescribed nontrivial torsion coefficients. If
[M ]Zγαβ = 0, the canonical d–connection Γ̂
γ
αβ contains a nonholonomically
induced torsion. 
We can generalize the concept of N–anholonomic Riemann–Cartan man-
ifold RCV (see Definition 2.9):
Definition 2.10 A N–anholonomic metric–affine manifold maV is defined
by three fundamental geometric objects: 1) a d–metric gαβ = [gij, hab], 2) a
N–connection N = {Nai } and 3) a general d–connection D, with nontrivial
nonmetricity d–tensor field Q = Dg.
The geometry and classification of metric–affine manifolds and related
generalized Finsler–affine spaces is considered in Part I of monograph [26].
From Theorems 2.6, 2.7 and 2.5, one follows
Conclusion 2.1 The geometry of any manifold maV can be equivalently
modelled by deformation tensors on Riemann manifolds provided with pre-
ferred frame structure. The constructions are elaborated in N–adapted form if
we work with the canonical d–connection, or not adapted to the N–connection
structure if we apply the Levi Civita connection.
Finally, in this section, we note that if the torsion and nonmetricity fields
of maV are defined by the d–metric and N–connection coefficients (for in-
stance, in Finsler geometry with Chern or Berwald connection, see below
section 5.1) we can equivalently (nonholonomically) transform maV into a
Riemann manifold with metric structure of type (A.1) and (A.2).
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3 Einstein Gravity and Lagrange–Finsler Ge-
ometry
We study N–anholonomic structures in Riemmann–Finsler and Lagrange
geometry modelled on nonholonomic Riemann–Cartan manifolds.
3.1 Generalized Lagrange spaces
If a N–anholonomic manifold is stated to be a tangent bundle, V = TM,
the dimension of the base and fiber space coincide, n = m, and we obtain a
special case of N–connection geometry [14, 15]. For such geometric models,
a N–connection is defined by Withney sum
TTM = hTM⊕ vTM, (16)
with local coefficients N = {Nai (x
i, ya)}, where it is convenient to distin-
guish h–indices i, j, k... from v–indices a, b, c, ...6 On TM, there is an almost
complex structure F = {F βα } associated to N defined by
F(ei) = −ei and F(ei) = ei, (17)
where ei = ∂/∂x
i − Nki ∂/∂y
k and ei = ∂/∂y
i and F βα F
γ
β = −δ
β
α. Similar
constructions can be performed on N–anholonomic manifolds Vn+n where
fibred structures of dimension n + n are modelled.
A general d–metric structure (14) onVn+n, together with a prescribed N–
connection N, defines a N–anholonomic Riemann–Cartan manifold of even
dimension.
Definition 3.1 A generalized Lagrange space is modelled on Vn+n (on TM,
see [14, 15]) by a d–metric with gij = δ
a
i δ
b
jhab, i.e.
cg = hij(x, y)
(
ei ⊗ ej + ei ⊗ ej
)
. (18)
One calls ε = hab(x, y) y
ayb to be the absolute energy associated to a hab
of constant signature.
Theorem 3.1 For nondegenerated Hessians
h˜ab =
1
2
∂2ε
∂ya∂yb
, (19)
6It should be emphasized, that on TM we can contract h- and v–indices, which is not
possible on a vector bundle E with n 6= m.
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when det |h˜| 6= 0, there is a canonical N–connection completely defined by
hij ,
cNai (x, y) =
∂Ga
∂yi
(20)
where
Ga =
1
2
h˜ab
(
yk
∂2ε
∂yb∂xk
− δkb
∂ε
∂xk
)
.
Proof. One has to consider local coordinate transformation laws for some
coefficients Nai preserving splitting (16). We can verify that
cNai satisfy such
conditions. The sketch of proof is given in [14, 15] for TM. We can consider
any nondegenerated quadratic form ha′b′(x, y) = e
a
a′ e
b
b′ hab(x, y) on V
n+n if
we redefine the v–coordinates in the form ya
′
= ya
′
(xi, ya) and xi
′
= xi.
Finally, in this section, we state:
Theorem 3.2 For any generalized Lagrange space, there are canonical N–
connection cN, almost complex cF, d–metric cg and d–connection cD̂
structures defined by an effective regular Lagrangian εL(x, y) =
√
|ε| and
its Hessian h˜ab(x, y) (19).
Proof. It follows from formulas (19), (20), (17) and (A.19) and adapted
d–connection (A.21) and d–metric structures (A.20) all induced by a εL =√
|ε|. 
3.2 Lagrange–Finsler spaces
The class of Lagrange–Finsler geometries is usually defined on tangent
bundles but it is possible to model such structures on general N–anholonomic
manifolds, for instance, in (pseudo) Riemannian and Riemann–Cartan geom-
etry, if nonholonomic frames are introduced into consideration [26, 25]. Let us
consider two such important examples when the N–anholonomic structures
are modelled on TM. One denotes by T˜M = TM\{0} where {0} means the
set of null sections of surjective map pi : TM →M.
Example 3.1 A Lagrange space is a pair Ln = [M,L(x, y)] with a differen-
tiable fundamental Lagrange function L(x, y) defined by a map L : (x, y) ∈
TM → L(x, y) ∈ R of class C∞ on T˜M and continuous on the null section
0 : M → TM of pi. The Hessian (19) is defined
Lgij(x, y) =
1
2
∂2L(x, y)
∂yi∂yj
(21)
when rank |gij| = n on T˜M and the left up ”L” is an abstract label pointing
that certain values are defined by the Lagrangian L.
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The notion of Lagrange space was introduced by J. Kern [39] and elab-
orated in details in Ref. [14, 15] as a natural extension of Finsler geometry.
In a more particular case, we have
Example 3.2 A Finsler space defined by a fundamental Finsler function
F (x, y), being homogeneous of type F (x, λy) = λF (x, y), for nonzero λ ∈ R,
may be considered as a particular case of Lagrange geometry when L = F 2.
Our approach to the geometry of N–anholonomic spaces (in particular,
to that of Lagrange, or Finsler, spaces) is based on canonical d–connections.
It is more related to the existing standard models of gravity and field the-
ory allowing to define Finsler generalizations of spinor fields, noncommuta-
tive and supersymmetric models, see discussions in [26, 25]. Nevertheless,
a number of schools and authors on Finsler geometry prefer linear connec-
tions which are not metric compatible (for instance, the Berwald and Chern
connections, see below Definition 5.1) which define new classes of geometric
models and alternative physical theories with nonmetricity field, see details
in [38, 37, 14, 15, 36]. From geometrical point of view, all such approaches
are equivalent. It can be considered as a particular realization, for nonholo-
nomic manifolds, of the Poincare’s idea on duality of geometry and physical
models stating that physical theories can be defined equivalently on different
geometric spaces, see [44].
From the Theorem 3.2, one follows:
Conclusion 3.1 Any mechanical system with regular Lagrangian L(x, y) (or
any Finsler geometry with fundamental function F (x, y)) can be modelled
as a nonhlonomic Riemann geometry with canonical structures LN, Lg
and LD̂ (or FN, Fg and F D̂, for L = F 2) defined on a N–anholonomic
manifold Vn+n. In equivalent form, such Lagrange–Finsler geometries can be
described by the same metric and N–anholonomic distributions but with the
corresponding not adapted Levi Civita connections.
Let us denote by Ric(D) = C(1, 4)R(D), where C(1, 4) means the con-
traction on the first and forth indices of the curvature R(D), and Sc(D) =
C(1, 2)Ric(D) = sR, where C(1, 2) is defined by contracting Ric(D) with
the inverse d–metric, respectively, the Ricci tensor and the curvature scalar
defined by any metric d–connection D and d–metric g on RCV, see also the
component formulas (A.12), (A.13) and (A.14) in Appendix. The Einstein
equations are
En(D) + Ric(D)−
1
2
g Sc(D) = Υ, (22)
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where the source Υ reflects any contributions of matter fields and corrections
from, for instance, string/brane theories of gravity. In a physical model, the
equations (22) have to be completed with equations for the matter fields
and torsion (for instance, in the Einstein–Cartan theory one considers al-
gebraic equations for the torsion and its source). It should be noted here
that because of nonholonomic structure of RCV, the tensor Ric(D) is not
symmetric and D [En(D)] 6= 0. This imposes a more sophisticate form of
conservation laws on such spaces with generic ”local anisotropy”, see discus-
sion in [26] (a similar situation arises in Lagrange mechanics when nonholo-
nomic constraints modify the definition of conservation laws). For D =D̂,
all constructions can be equivalently redefined for the Levi Civita connec-
tion ∇, when ∇ [En(∇)] = 0. A very important class of models can be
elaborated when Υ =diag
[
λh(u) hg, λv(u) vg
]
, which defines the so–called
N–anholonomic Einstein spaces with ”nonhomogeneous” cosmological con-
stant (various classes of exact solutions in gravity and nonholonomic Ricci
flow theory were constructed and analyzed in [25, 26, 28, 29, 30]).
4 Anholonomic Ricci Flows
The Ricci flow theory was elaborated by R. Hamilton [6, 7] and applied as
a method approaching the Poincare´ Conjecture and Thurston Geometriza-
tion Conjecture [4, 5], see Grisha Perelman’s works [1, 2, 3] and reviews of
results in Refs. [11, 8].
4.1 Holonomic Ricci flows
For a one parameter τ family of Riemannian metrics g(τ) = {g
αβ
(τ, uγ)}
on a N–anholonomic manifold V, one introduces the Ricci flow equation
∂g
αβ
∂τ
= −2
p
Rαβ, (23)
where
p
Rαβ is the Ricci tensor for the Levi Civita connection▽ = { pΓ
α
βγ} with
the coefficients defined with respect to a coordinate basis ∂α = ∂/∂u
α. The
equation (23) is a tensor nonlinear generalization of the scalar heat equation
∂φ/∂τ = △φ, where △ is the Laplace operator defined by g. Usually, one
considers normalized Ricci flows defined by
∂
∂τ
gαβ = −2 pRαβ +
2r
5
gαβ, (24)
gαβ|τ=0 = g
[0]
αβ(u), (25)
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where the normalizing factor r =
∫
RdV/dV is introduced in order to preserve
the volume V, the boundary conditions are stated for τ = 0 and the solutions
are searched for τ0 > τ ≥ 0. For simplicity, we shall work with equations (23)
if the constructions will not result in ambiguities.
It is important to study the evolution of tensors in orthonormal frames
and coframes on nonholonomic manifolds. Let (V,gαβ(τ)), 0 ≤ τ < τ0, be a
Ricci flow with
p
Rαβ = pRαβ and consider the evolution of basis vector fields
eα(τ) = e
α
α (τ) ∂α and e
β(τ) = eββ(τ) du
β
which are g(0)–orthonormal on an open subset U ⊂ V. We evolve this local
frame flows according the formula
∂
∂τ
e αα = g
αβ
p
Rβγ e
γ
α . (26)
There are unique solutions for such linear ordinary differential equations for
all time τ ∈ [0, τ0).
Using the equations (24), (25) and (26), one can be defined the evolution
equations under Ricci flow, for instance, for the Riemann tensor, Ricci tensor,
Ricci scalar and volume form stated in coordinate frames (see, for example,
the Theorem 3.13 in Ref. [11]). In this section, we shall consider such non-
holnomic constrains on the evolution equation when the geometrical object
will evolve in N–adapted form; we shall also model sets of N–anholnomic ge-
ometries, in particular, flows of geometric objects on nonholonomic Riemann
manifolds and Finsler and Lagrange spaces.
4.2 Ricci flows and N–anholonomic distributions
On manifold V, the equations (24) and (25) describe flows not adapted to
the N–connections Nai (τ, u). For a prescribed family of such N–connections,
we can construct from g
αβ
(τ, uγ) the corresponding set of d–metrics gαβ(τ, u)
= [gij(τ, u), hab(τ, u)] and the set of N–adapted frames on (V, gαβ(τ)), 0 ≤
τ < τ0. The evolution of such N–adapted frames is defined not by the equa-
tions (26) but satisfies the
Proposition 4.1 For a prescribed n+m splitting, the solutions of the system
(24) and (25) define a natural flow of preferred N–adapted frame structures.
Proof. Following formulas (A.1), (A.2) and (A.3), the boundary con-
ditions (25) state the values Nai (τ = 0, u) and gαβ(τ = 0, u) = [gij(τ =
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0, u), hab(τ = 0, u)]. Having a well defined solution gαβ(τ, u), we can con-
struct the coefficients of N–connection Nai (τ, u) and d–metric g(τ, u) =
[g(τ, u), h(τ, u)] for any τ ∈ [0, τ0) : the associated set of frame (vielbein)
structures eν(τ) = (ei(τ), ea), where
ei(τ) =
∂
∂xi
−Nai (τ, u)
∂
∂ya
and ea =
∂
∂ya
, (27)
and the set of dual frame (coframe) structures eµ(τ) = (ei, ea(τ)), where
ei = dxi and ea(τ) = dya +Nai (τ, u)dx
i. (28)

We conclude that prescribing the existence of a nonintegrable (n +m)–
decomposition on a manifold for any τ ∈ [0, τ0), from any solution of the
Ricci flow equations (26), we can extract a set of preferred frame structures
with associated N–connections, with respect to which we can perform the
geometric constructions in N–adapted form.
We shall need a forumula relating the connection Laplacian on contravari-
ant one–tensors with Ricci curvature and the corresponding deformations
under N–anholonomic maps. Let A be a d–tensor of rank k. Then we define
∇2A, for ∇ being the Levi Civita connection, to be a contravariant tensor
of rank k + 2 given by
∇2A(·,X,Y) = (∇
X
∇YA)(·)−∇∇XYA(·). (29)
This defines the (Levi Civita) connection Laplacian
∆A + gαβ
(
∇2A
)
(eα, eβ) , (30)
for tensors, and
∆f+tr ∇2f = gαβ
(
∇2f
)
αβ
,
for a scalar function on V. In a similar manner, by substituting ∇ with D̂,
we can introduce the canonical d–connection Laplacian, for instance,
∆̂A + gαβ
(
D̂2A
)
(eα, eβ) . (31)
Proposition 4.2 The Laplacians ∆̂ and ∆ are related by formula
∆A = ∆̂A+
p
∆A (32)
where the deformation d–tensor of the Laplacian,
p
∆, is defined canonically
by the N–connection and d–metric coefficients.
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Proof. We sketch the method of computation
p
∆. Using the formula
(A.17), we have
∇X = D̂X + pZX (33)
where
p
ZX = X
α
p
Zγαβ is defined for any X
α with
p
Zγαβ computed following
formulas (A.17); all such coefficients depend on N–connection and d–metric
coefficients and their derivatives, i.e. on generic off–diagonal metric coeffi-
cients (A.2) and their derivatives. Introducing (33) into (29) and (30), and
separating the terms depending only on D̂X we get ∆̂A (31). The rest of
terms with linear or quadratic dependence on
p
Zγαβ and their derivatives
define
p
∆A + gαβ ( ∆ZA) ,
where
∆ZA = D̂X ( pZYA) + pZX
(
D̂YA
)
+
p
ZX ( pZYA)
−D̂
pZYA− pZ bDXYA− pZ pZXYA.

In a similar form as for Proposition 4.2, we prove
Proposition 4.3 The curvature, Ricci and scalar tensors of the Levi Civita
connection ∇ and the canonical d–connection D̂ are defined by formulas
p
R(X,Y) = R̂(X,Y)+
p
Ẑ(X,Y),
Ric(∇) = Ric(D̂) +Ric(
p
Ẑ),
Sc(∇) = Sc(D̂) + Sc(
p
Ẑ),
where
p
Ẑ(X,Y) = DX pZY − pZYDX− pZ[X,Y]
Ric(
p
Ẑ) = C(1, 4)
p
Ẑ, Sc(
p
Ẑ) = C(1, 2)Ric(
p
Ẑ)
for R̂ computed following formula (11) and Sc(D̂) = sR̂.
In the theory of Ricci flows, one consider tensors quadratic in the curva-
ture tensors, for instance, for any given gββ
′
and D
Bαγα′γ′ = g
ββ′gδδ
′
RαβγδRα′β′γ′δ′ , (34)
Bαγα′γ′ + Bαγα′γ′ −Bαγα′γ′ −Bαγ′γα′ +Bαγα′γ′ ,
Bαγ′ + DαDγ′
sR− gββ
′
(Dβ′DαRγ′β +Dβ′Dγ′Rαβ) .
Using the connections ∇, or D̂, we similarly define and compute the values
p
Bαγα′γ′ , pBαγα′γ′ and pBαγ′ , or B̂αγα′γ′ , B̂αγα′γ′ and B̂αγ′ .
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4.3 Evolution of distinguished geometric objects
There are d–objects (d–tensors, d–connections) with N–adapted evolution
completely defined by solutions of the Ricci flow equations (26).
Definition 4.1 A geometric structure/object is extracted from a (Riemanni-
an) Ricci flow (for the Levi Civita connection) if the corresponding struc-
ture/object can be redefined equivalently, prescribing a (n +m)–splitting, as
a N–adapted structure/ d–object subjected to corresponding N–anholonomic
flows.
Following the Propositions 4.2 and 4.3 (we emphasize the calculus used
as proofs) and formulas (34), we prove
Theorem 4.1 The evolution equations for the Riemann and Ricci tensors
and scalar curvature defined by the canonical d–connection are extracted re-
spectively:
∂
∂τ
R̂αβγδ = ∆̂R̂αβγδ + 2B̂αβγδ + Q̂αβγδ,
∂
∂τ
R̂αβ = ∆̂R̂αβ + Q̂αβ,
∂
∂τ
sR̂ = ∆̂ sR̂+ 2R̂αβR̂
αβ + Q̂
where, for
p
Rαβγδ = R̂αβγδ + pZαβγδ, Bαβγδ = B̂αβγδ + pẐαβγδ, Z = g
αβ
p
Zαβ,
p
Rαβ = R̂αβ + pZαβ , pBαγ′ = B̂αγ′ + pẐαγ′ , p
sR = sR̂+ Z,
the Q–terms (defined by the coefficients of canonical d–connection, Nai and
gαβ = [gij, hab] and their derivatives) are
Q̂αβγδ = −
∂
∂τ
p
Zαβγδ + p∆R̂αβγδ + 2 pẐαβγδ,
Q̂αβ = −
∂
∂τ
p
Zαβ + p∆R̂αβ + pẐαβ ,
Q̂ = −
∂
∂τ
Z + ∆̂Z +
p
∆ sR̂+ 2R̂αβ pZ
αβ + 2
p
ZαβR̂
αβ + 2
p
Zαβ pZ
αβ .
In Ricci flow theory, it is important to have the formula for the evolution
of the volume form:
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Remark 4.1 The deformation of the volume form is stated by equation
∂
∂τ
dvol (τ, uα) = −
(
sR̂+ Z
)
dvol (τ, uα)
which is just that for the Levi Civita connection and
dvol (τ, uα) +
√
| det g
αβ
(τ, uγ) |,
where.g
αβ
(τ) are metrics of type (A.1).
The evolution equations from Theorem 4.1 and Remark 4.1 transform
into similar ones from Theorem 3.13 in Ref. [11].
For any solution of equations (24) and (25), on U ⊂ V, we can con-
struct for any τ ∈ [0, τ0) a parametrized set of canonical d–connections
D̂(τ) = {Γ̂γαβ(τ)} (A.15) defining the corresponding canonical Riemann d–
tensor (A.11), nonsymmetric Ricci d–tensor R̂αβ (A.12) and scalar (A.13).
The coefficients of d–objects are defined with respect to evolving N–adapted
frames (27) and (28). One holds
Conclusion 4.1 The evolution of corresponding d–objects on N–anholonom-
ic Riemann manifolds can be canonically extracted from the evolution under
Ricci flows of geometric objects on Riemann manifolds.
In the sections 5.3 and 5.1, we shall consider how Finsler and Lagrange
configurations can be extracted by more special parametrizations of metric
and nonholonomic constraints.
4.4 Nonholonomic Ricci flows of (non)symmetric met-
rics
The Ricci flow equations were introduced by R. Hamilton [6] in a heuristic
form similarly to that how A. Einstein proposed his equations by consider-
ing possible physically grounded equalities between the metric and its first
and second derivatives and the second rank Ricci tensor. On (pseudo) Rie-
mannian spaces the metric and Ricci tensors are both symmetric and it is
possible to consider the parameter derivative of metric and/or correspond-
ingly symmetrized energy–momentum of matter fields as sources for the Ricci
tensor.
On N–anholonomic manifolds there are two alternative possibilities: The
first one is to postulate the Ricci flow equations in symmetric form, for the
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Levi Civita connection, and then to extract various N–anholonomic config-
urations by imposing corresponding nonholonomic constraints. The bulk of
our former and present work are related to symmetric metric configurations.
In the second case, we can start from the very beginning with a non-
symmetric Ricci tensor for a non–Riemannian space. In this section, we
briefly speculate on such geometric constructions: The nonholonomic Ricci
flows even beginning with a symmetric metric tensor may result naturally in
nonsymmetric metric tensors ĝαβ = gαβ +
←→g αβ, where
←→g αβ = −
←→g βα. Non-
symmetric metrics in gravity were originally considered by A. Einstein [46]
and L. P. Eisenhart [47], see modern approaches in Ref. [48]. For Finsler and
Lagrange spaces, such nonsymmetric metric generalizations were performed
originally in Refs. [49, 50] (Chapter 8 of monograph [14] contains a review
of results on Eisenhart–Lagrange spaces).
Theorem 4.2 With respect to N–adapted frames, the canonical nonholo-
nomic Ricci flows with nonsymmetric metrics defined by equations
∂
∂τ
gij = −2R̂ij + 2λgij − hcd
∂
∂τ
(N ciN
d
j ), (35)
∂
∂τ
hab = −2R̂ab + 2λhab, (36)
∂
∂τ
←→g ia = R̂ia,
∂
∂τ
←→g ai = R̂ai (37)
where g
αβ
= [gij, hab] with respect to N–adapted basis (6), λ = r/5, y
3 = v
and τ can be, for instance, the time like coordinate, τ = t, or any parameter
or extra dimension coordinate.
Proof. It follows from a redefinition of equations (24) with respect to
N–adapted frames (by using the frame transform (A.4) and (A.5)), and con-
sidering respectively the canonical Ricci d–tensor (A.12) constructed from
[gij , hab]. Here we note that normalizing factor r is considered for the sym-
metric part of metric. 
One follows:
Conclusion 4.2 Nonholonomic Ricci flows (for the canonical d–connection)
resulting in symmetric d–metrics are parametrized by the constraints
←→g αβ = 0 and R̂ia = R̂ai = 0. (38)
The system of equations (35), (36) and (38), for ”symmetric” nonholo-
nomic Ricci flows, was introduced and analyzed in Refs. [28, 29].
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Example 4.1 The conditions (38) are satisfied by any ansatz of type (14)
in 3D, 4D , or 5D, with coefficients of type
gi = gi(x
k), ha = ha(x
k, v), N3i = wi(x
k, v), N4i = ni(x
k, v), (39)
for i, j, ... = 1, 2, 3 and a, b, ... = 4, 5 (the 3D and 4D being parametrized by
eliminating the cases i = 1 and, respectively, i = 1, 2); y4 = v being the
so–called ”anisotropic” coordinate. Such metrics are off–diagonal with the
coefficients depending on 2 and 3 coordinates but positively not depending on
the coordinate y5.
We constructed and investigated various types of exact solutions of the
nonholonomc Einstein equations and Ricci flow equations, respectively in
Refs. [25, 26, 27] and [28, 29, 30]. They are parametrized by ansatz of
type (39) which positively constrains the Ricci flows to be with symmetric
metrics. Such solutions can be used as backgrounds for investigating flows of
Eisenhart (generalized Finsler–Eisenhart geometries) if the constraints (38)
are not completely imposed. We shall not analyze this type of N–anholonomic
Ricci flows in this series of works.
5 Generalized Finsler–Ricci Flows
The aim of this section is to provide some examples illustrating how differ-
ent types of nonholonomic constraints on Ricci flows of Riemannian metrics
model different classes of N–anholonomic spaces (defined by Finsler metrics
and connections, geometric models of Lagrange mechanics and generalized
Lagrange geometries).
5.1 Finsler–Ricci flows
Let us consider a τ–parametrized family (set) of fundamental Finsler func-
tions F (τ) = F (τ, xi, ya), see Example 3.2.7 For a family of nondegenerated
Hessians
Fhij(τ, x, y) =
1
2
∂2F 2(τ, x, y)
∂yi∂yj
, (40)
see formula (21) for effective ε(τ) = L(τ) = F 2(τ), we can model Finsler
metrics on Vn+n (or on TM) and the corresponding family of canonical
7we shall write, in brief, only the parameter dependence and even omit dependencies
both on coordinates and parameter if that will not result in ambiguities
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N–connections, see (20),
cNai (τ) =
∂Ga(τ)
∂yi
, (41)
where
Ga(τ) =
1
2
Fhab(τ)
(
yk
∂2F 2(τ)
∂yb∂xk
− δkb
∂F 2(τ)
∂xk
)
and Fhab(τ) are inverse to Fhij(τ).
Proposition 5.1 Any family of fundamental Finsler functions F (τ) with
nondegenerated Fhij(τ) defines a corresponding family of Sasaki type metrics
cg(τ) = Fhij(τ, x, y)
(
ei ⊗ ej + cei(τ)⊗ cej(τ)
)
, (42)
with Fgij(τ) =
Fhij(τ, x, y), where
cea(τ) = dya+ cNai (τ, u)dx
i are defined
by the N–connection (41).
Proof. It follows from the explicit construction (42).
For Vn+n = TM = (TM, pi,M, cNai ) with injective pi : TM → M, we
can model by F (τ) various classes of Finsler geometries. In explicit form,
we work on T˜M + TM\{0} and consider the pull–buck bundle pi∗TM. One
generates sets of geometric objects on pull–back cotangent bundle pi∗T ∗M
and its tensor products:
on pi∗T ∗M ⊗ pi∗T ∗M ⊗ pi∗T ∗M, a corresponding family of Cartan tensors
A(τ) = Aijk(τ)dx
i ⊗ dxj ⊗ dxk,
Aijk(τ) +
F (τ)
2
∂gij(τ)
∂yk
;
on pi∗T ∗M, a family of Hilbert forms
ω(τ) +
∂F (τ)
∂yk
dxi,
and the d–connection 1–form
ω ij (τ) = L
i
jk(τ)dx
k (43)
Li jk(τ) =
1
2
F gih( cek
F gjh +
cej
Fgkh −
ceh
F gjk).
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Theorem 5.1 The set of fundamental Finsler functions F (τ) defines on
pi∗TM a unique set of linear connections, called the Chern connections, char-
acterized by the structure equations:
d(dxi)− dxi ∧ ω ii (τ) = −dx
i ∧ ω ii (τ) = 0,
i.e. the torsion free condition;
dgij(τ)−
F gkj(τ)ω
k
i (τ)−
Fgik(τ)ω
k
j (τ) = 2
Aija(τ)
F (τ)
cea(τ),
i.e. the almost metric compatibility condition.
Proof. It follows from straightforward computations. For any fixed
value τ = τ0, it is just the Chern’s Theorem 2.4.1. from [38]. 
In order to elaborate a complete geometric model on TM, which also
allows us to perform the constructions for N–anholonomic manifolds, we
have to extend the above considered forms with nontrivial coefficients with
respect to cea(τ).
Definition 5.1 A family of fundamental Finsler metrics F (τ) defines mod-
els of Finsler geometry (equivalently, space) with d–connections Γαβγ(τ) =
(Li jk(τ), C
i
jk(τ)) on a corresponding N–anholonomic manifold V :
• of Cartan type if Li jk(τ) is that from (43) and
C ijk(τ) =
1
2
F gih(
∂
∂xk
Fgjh +
∂
∂xj
F gkh −
∂
∂xh
Fgjk), (44)
which is similar to formulas (A.21) but for L = F 2(τ);
• of Chern type if Li jk(τ) is given by (43) and C
i
jk(τ) = 0;
• of Berwald type if Li jk(τ) = ∂
cN ij/∂y
k and C ijk(τ) = 0;
• of Hashiguchi type if Li jk(τ) = ∂
cN ij/∂y
k and C ijk(τ) is given by (44).
Various classes of remarkable Finsler connections have been investigated
in Refs. [14, 15, 37, 38], see [25, 26] on modelling Finsler like structures in
Einstein and string gravity and in noncommutative gravity.
It should be emphasized that the models of Finsler geometry with Chern,
Berwald or Hashiguchi type d–connections are with nontrivial nonmetric-
ity field. So, in general, a family of Finsler fundamental metric functions
F (τ) may generate various types of N–anholonomic metric–affine geometric
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configurations, see Definition 2.10, but all components of such induced non-
metricity and/or torsion fields are defined by the coefficients of corresponding
families of generic off–diagonal metrics of type (A.1), when the ansatz (A.2)
is parametrized for gij = hij =
Fhij(τ) and N
a
i =
cNai (τ). Applying the
results of Theorem 2.7, we can transform the families of ”nonmetric” Finsler
geometries into corresponding metric ones and model the Finsler configu-
rations on N–anholonomic Riemannian spaces, see Conclusion 2.1. In the
”simplest” geometric and physical manner (convenient both for applying the
former Hamilton–Perelman results on Ricci flows for Riemannian metrics,
as well for further generalizations to noncommutative Finsler geometry, su-
persymmetric models and so on...), we restrict our analysis to Finsler–Ricci
flows with canonical d–connection of Cartan type when F Γ̂αβγ(τ) = (L
i
jk(τ),
C ijk(τ)) is with L
i
jk(τ) from (43) and C
i
jk(τ) from (44). This provides a
proof for
Lemma 5.1 A family of Finsler geometries defined by F (τ) can be char-
acterized equivalently by the corresponding canonical d–connections (in N–
adapted form) and Levi Civita connections (in not N–adapted form) related
by formulas
F
p
Γγαβ =
F Γ̂γαβ + pZ
γ
αβ (45)
where
p
Zγαβ is computed following formulas (A.18) for gij = hij =
Fhij(τ)
and Nai =
cNai (τ).
Following the Lemma 5.1 and section 4.1, we obtain the proof of
Theorem 5.2 The Finsler–Ricci flows for fundamental metric functions
F (τ) can be extracted from usual Ricci flows of Riemannian metrics paramet-
rized in the form
Fgαβ(τ) =
[
F gij +
cNai
cN bj
F gab
cN ej
F gae
cN ei
F gbe
Fgab
]
(46)
and satisfying the equations (for instance, for normalized flows)
∂
∂τ
F gαβ = −2
F
p
Rαβ +
2r
5
F gαβ,
F gαβ|τ=0 =
F g
[0]
αβ(u).
The Finsler–Ricci flows are distinguished from the usual (unconstrained)
flows of Riemannian metrics by existence of additional evolutions of preferred
N–adapted frames (see Proposition 2.2):
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Corollary 5.1 The evolution, for all ”time” τ ∈ [0, τ0), of preferred frames
on a Finsler space
Feα(τ) =
Fe αα (τ, u)∂α
is defined by the coefficients
Fe αα (τ, u) =
[
Fe ii (τ, u)
cN bi (τ, u)
F e ab (τ, u)
0 F e aa (τ, u)
]
, (47)
with
Fgij(τ) =
Fe ii (τ, u)
Fe
j
j (τ, u)ηij ,
where ηij = diag[±1, ... ± 1] establish the signature of
F g
[0]
αβ(u), is given by
equations
∂
∂τ
Fe αα =
Fgαβ F
p
Rβγ
F e
γ
α , (48)
where F gαβ is inverse to (46) and F
p
Rβγ is the Ricci tensor constructed from
the Levi Civita coefficients of (46).
Proof. We have to introduce the metric and N–connection coefficients
(42) and (41), defined by F (τ), into (A.4). The equations (48) are similar to
(26), but in our case for the N–adapted frames (47). 
We note that the evolution of the Riemann and Ricci tensors and scalar
curvature defined by the Cartan d–connection, i.e. the canonical d–connecti-
on, F Γ̂γαβ , can be extracted as in Theorem 4.1 when the values are redefined
for the metric (46) and (45).
Finally, in this section, we conclude that the Ricci flows of Finsler metrics
can be extracted from Ricci flows of Riemannian metrics by corresponding
metric ansatz, nonholonomic constraints and deformations of linear connec-
tions, all derived canonically from fundamental Finsler functions.
5.2 Ricci flows of regular Lagrange systems
There were elaborated different approaches to geometric mechanics. Here
we note those based on formulation in terms of sympletic geometry and gen-
eralizations [19, 17, 18] and in terms of generalized Finsler, i.e. Lagrange, ge-
omery [39, 14, 15]. We note that the second approach can be also equivalently
redefined as an almost Hermitian geometry (see formulas (17) defining the
almost complex structure) and, which is very important for applications of
the theory of anholonomic Ricci flows, modelled as a nonholonomic Riemann
manifold, see Conclusion 3.1. For regular mechanical systems, we can formu-
late the problem: Which fudamental Lagrange function L(τ) = L(τ, xi, yj)
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from a class of Lagrangians parametrized by τ ∈ [0, τ0) will define the evolu-
tion of Lagrange geometry, from viewpoint of the theory of Ricci flows? The
aim of this section is to schetch the key results solving this problem.
Following the formulas from Result 1 and the methods elaborated in
previous section 5.1, when F 2(τ) → L(τ); Fhij(τ) →
Lgij(τ), see (40) and
(21); cNai (τ) →
LN ij(τ), see (41) and (A.19);
cg(τ)→ Lg(τ), see (42) and
(A.20); F Γ̂αβγ(τ)→
LΓ̂αβγ(τ), see (45) and (A.21), where all values labelel
by up–left ”L” are canonically defined by L(τ), we prove (generalizations of
Theorem 5.2 and Corollary 5.1):
Theorem 5.3 The Lagrange–Ricci flows for regular Lagrangians L(τ) can
be extracted from usual Ricci flows of Riemannian metrics parametrized in
the form
Lgαβ(τ) =
[
Lgij +
LNai
LN bj
Lgab
LN ej
Lgae
LN ei
Lgbe
Lgab
]
and satisfying the equations (for instance, normalized)
∂
∂τ
Lgαβ = −2
L
p
Rαβ +
2r
5
Lgαβ,
Lgαβ|τ=0 =
Lg
[0]
αβ(u),
where L
p
Rαβ(τ) are the Ricci tensors constructed from the Levi Civita con-
nections of metrics Lgαβ(τ).
The Lagrange–Ricci flows are are characterized by the evolutions of pre-
ferred N–adapted frames (see Proposition 2.2):
Corollary 5.2 The evolution, for all time τ ∈ [0, τ0), of preferred frames on
a Lagrange space
Leα(τ) =
Le αα (τ, u)∂α
is defined by the coefficients
Le αα (τ, u) =
[
Le ii (τ, u)
LN bi (τ, u)
Le ab (τ, u)
0 Le aa (τ, u)
]
,
with
Lgij(τ) =
Le ii (τ, u)
Le
j
j (τ, u)ηij,
where ηij = diag[±1, ... ± 1] establish the signature of
Lg
[0]
αβ(u), is given by
equations
∂
∂τ
Le αα =
Lgαβ L
p
Rβγ
Le
γ
α .
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We conclude that the Ricci flows of Lagrange metrics can be extracted
from Ricci flows of Riemannian metrics by corresponding metric ansatz, non-
holonomic constraints and deformations of linear connections, all derived
canonically for regular Lagrange functions.
5.3 Generalized Lagrange–Ricci flows
We have the result that any mechanical system with a regular Lagrangian
L(x, y) can be geometrized canonically in terms of nonholonomic Riemann
geometry, see Conclusion 3.1, and for certain conditions such configurations
generate exact solutions of the gravitational field equations in the Einstein
gravity and/or its string/gauge generalizations, see Result A.2 and Theo-
rem A.1. In other turn, for any symmetric tensor gij = δ
a
i δ
b
jhab(x, y) on
a manifold Vn+n we can generate a Lagrange space model, see section 3.1.
The aim of this section is to show how we can construct nonholonomic Ricci
flows with effective Lagrangians starting from an arbitrary family gij(τ) = δ
a
i
δbjhab(τ, x, y).
8
The values hab(τ) of constant signature defines a family of absolute ener-
gies ε(τ) = hab(τ, x, y) y
ayband d–metrics of type (18),
εg(τ) = hij(τ, x, y)
(
ei ⊗ ej + εei(τ)⊗ εej(τ)
)
,
εei(τ) = dyi + εNai (τ, x, y)dx
i, (49)
where the τ–parametrized N–connection coefficients
εNai (τ, x, y) =
∂ εGa(τ)
∂yi
, (50)
with
εGa(τ) =
1
2
εh˜ab(τ)
(
yk
∂2ε(τ)
∂yb∂xk
− δkb
∂ε(τ)
∂xk
)
,
are defined for nondegenerated Hessians
εh˜ab(τ) =
1
2
∂2ε(τ)
∂ya∂yb
, (51)
when det |h˜| 6= 0.
For any fixed value of τ, the existence of fundamental geometric ob-
jects (49), (50) and (51) follows from Theorem 3.1. Similarly, the Theo-
rem 3.2 states a modelling by hab(τ) of families of Lagrange spaces enabled
8for some special cases, we can consider that gij(τ) is defined by certain families of
exact (non) holonomic solutions of the Einstein equations or of the Ricci flow equations
modelling Ricci flows of some effective Lagrangians
31
with canonical N–connections εN(τ), almost complex structure cF(τ), d–
metrics cg(τ) and d–connections cD̂(τ) structures defined respectively by
effective regular Lagrangians εL(τ, x, y) =
√
|ε(τ, x, y)| and theirs Hessians
εh˜ab(τ, x, y) (51). The results of previous section 5.3 can be reformulated in
the form (with proofs being similar for those for Theorem 5.2 and Corollary
5.1, but with εL instead of F 2 and εNai instead of
cNai , ...):
Theorem 5.4 The generalized Lagrange–Ricci flows for regular effective La-
grangians εL(τ) derived from a family of symmetric tensors hab(τ, x, y) can
be extracted from usual Ricci flows of Riemannian metrics parametrized in
the form
εgαβ(τ) =
[
εh˜ij +
εNai
εN bj
εh˜ab
εN ej
εh˜ae
εN ei
εh˜be
εh˜ab
]
and satisfying the equations (for instance, normalized)
∂
∂τ
εgαβ = −2
ε
p
Rαβ +
2r
5
εgαβ,
εgαβ|τ=0 =
εg
[0]
αβ(u),
where ε
p
Rαβ(τ) are the Ricci tensors constructed from the Levi Civita con-
nections of metrics εgαβ(τ).
The evolutions of preferred N–adapted frames (see Proposition 2.2) de-
fined by generalized Lagrange–Ricci flows is stated by
Corollary 5.3 The evolution, for all time τ ∈ [0, τ0), of preferred frames on
an effective Lagrange space
εeα(τ) =
εe αα (τ, u)∂α
is defined by the coefficients
εe αα (τ, u) =
[
εe
i
i (τ, u)
εN bi (τ, u)
εe
a
b (τ, u)
0 εe aa (τ, u)
]
,
with
εh˜ij(τ) =
εe ii (τ, u)
εe
j
j (τ, u)ηij ,
where ηij = diag[±1, ... ± 1] establish the signature of
εg
[0]
αβ(u), is given by
equations
∂
∂τ
εe αα =
εgαβ ε
p
Rβγ
εe
γ
α .
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The idea to consider absolute energies ε for arbitrary d–metrics gij(x, y),
in order to define effective (generalized) Lagrange spaces, was proposed in
Refs.[14, 15]. In Introduction and Part I of monograph [26], it was proven
that certain type of gravitational interactions can be modelled as general-
ized Lagrange–Finsler geometries and inversely, certain classes of generalized
Finsler geometries can be modelled on N–anholonomic manifolds, even as
exact solutions of gravitational field equations. The approach elaborated by
Romanian geometers and physicists [14, 15, 16, 25, 26, 27] originates from
G. Vranceanu and Z. Horac works [32, 33] on nonholonomic manifolds and
mechanical systems, see a review of results and recent developments in Ref.
[34]. Recently, there were proposed various models of ”analogous gravity”,
see a review in Ref. [45], which do not apply the methods of Finsler geometry
and the formalism of nonlinear connections.
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A Local Geometry of N–anholonomic Mani-
folds
Let us consider metric structure on N–anholonomic manifold V,
g˘ = g
αβ
(u) duα ⊗ duβ (A.1)
defined with respect to a local coordinate basis duα = (dxi, dya) by coeffi-
cients
g
αβ
=
[
gij +N
a
i N
b
jhab N
e
j hae
N ei hbe hab
]
. (A.2)
Such a metric (A.2) is generic off–diagonal, i.e. it can not be diagonalized
by coordinate transforms if Nai (u) are any general functions. The condition
(13), for hX → ei and vY → ea, transform into
g˘(ei, ea) = 0, equivalently gia −N
b
i hab = 0, (A.3)
where g
ia
+ g(∂/∂xi, ∂/∂ya), which allows us to define in a unique form
the coefficients N bi = h
abg
ia
where hab is inverse to hab. We can write the
metric g˘ with ansatz (A.2) in equivalent form, as a d–metric (14) adapted to
a N–connection structure, see Definition 2.8, if we define gij + g (ei, ej) and
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hab + g (ea, eb) and consider the vielbeins eα and e
α to be respectively of
type (5) and (6).
We can say that the metric g˘ (A.1) is equivalently transformed into (14)
by performing a frame (vielbein) transform
eα = e
α
α ∂α and e
β = eββdu
β.
with coefficients
e αα (u) =
[
e
i
i (u) N
b
i (u)e
a
b (u)
0 e aa (u)
]
, (A.4)
eββ(u) =
[
ei i(u) −N
b
k(u)e
k
i (u)
0 eaa(u)
]
, (A.5)
being linear on Nai . We can consider that a N–anholonomic manifold V
provided with metric structure g˘ (A.1) (equivalently, with d–metric (14))
is a special type of a manifold provided with a global splitting into con-
ventional “horizontal” and “vertical” subspaces (2) induced by the “off–
diagonal” terms N bi (u) and a prescribed type of nonholonomic frame struc-
ture (7).
The N–adapted components Γαβγ of a d–connection Dα = (eα⌋D), where
”⌋” denotes the interior product, are defined by the equations
Dαeβ = Γ
γ
αβeγ , or Γ
γ
αβ (u) = (Dαeβ)⌋e
γ . (A.6)
The N–adapted splitting into h– and v–covariant derivatives is stated by
hD = {Dk =
(
Lijk, L
a
bk
)
}, and vD = {Dc =
(
C ijc, C
a
bc
)
},
where, by definition,
Lijk = (Dkej)⌋e
i, Labk = (Dkeb)⌋e
a, C ijc = (Dcej)⌋e
i, Cabc = (Dceb)⌋e
a.
The components Γγαβ =
(
Lijk, L
a
bk, C
i
jc, C
a
bc
)
completely define a d–connection
D on a N–anholonomic manifold V.
The simplest way to perform computations with d–connections is to use
N–adapted differential forms like
Γαβ = Γ
α
βγe
γ (A.7)
with the coefficients defined with respect to (6) and (5). For instance, torsion
be computed in the form
T α + Deα = deα + Γαβ ∧ e
β. (A.8)
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Locally it is characterized by (N–adapted) d–torsion coefficients
T ijk = L
i
jk − L
i
kj, T
i
ja = −T
i
aj = C
i
ja, T
a
ji = Ω
a
ji,
T abi = −T
a
ib =
∂Nai
∂yb
− Labi, T
a
bc = C
a
bc − C
a
cb. (A.9)
By a straightforward d–form calculus, we can find the N–adapted com-
ponents of the curvature
Rαβ + DΓ
α
β = dΓ
α
β − Γ
γ
β ∧ Γ
α
γ = R
α
βγδe
γ ∧ eδ, (A.10)
of a d–connection D, i.e. the d–curvatures from Theorem 2.2:
Rihjk = ekL
i
hj − ejL
i
hk + L
m
hjL
i
mk − L
m
hkL
i
mj − C
i
haΩ
a
kj,
Rabjk = ekL
a
bj − ejL
a
bk + L
c
bjL
a
ck − L
c
bkL
a
cj − C
a
bcΩ
c
kj,
Ri jka = eaL
i
jk −DkC
i
ja + C
i
jbT
b
ka, (A.11)
Rcbka = eaL
c
bk −DkC
c
ba + C
c
bdT
c
ka,
Rijbc = ecC
i
jb − ebC
i
jc + C
h
jbC
i
hc − C
h
jcC
i
hb,
Rabcd = edC
a
bc − ecC
a
bd + C
e
bcC
a
ed − C
e
bdC
a
ec.
Contracting respectively the components of (A.11), one proves that the
Ricci tensor Rαβ + R
τ
αβτ is characterized by h- v–components, i.e. d–
tensors,
Rij + R
k
ijk, Ria + −R
k
ika, Rai + R
b
aib, Rab + R
c
abc. (A.12)
It should be noted that this tensor is not symmetric for arbitrary d–connecti-
ons D.
The scalar curvature of a d–connection is
sR + gαβRαβ = g
ijRij + h
abRab, (A.13)
defined by a sum the h– and v–components of (A.12) and d–metric (14).
The Einstein tensor is defined and computed in standard form
Gαβ = Rαβ −
1
2
gαβ
sR (A.14)
One exists a minimal extension of the Levi Civita connection ∇ to a
canonical d–connection D̂ which is defined only by a metric g˘ is metric com-
patible, with T̂ ijk = 0 and T̂
a
bc = 0 but T̂
i
ja, T̂
a
ji and T̂
a
bi are not zero, see
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(A.9). The coefficient Γ̂γαβ =
(
L̂ijk, L̂
a
bk, Ĉ
i
jc, Ĉ
a
bc
)
of this connection, with
respect to the N–adapted frames, are defined are computed:
L̂ijk =
1
2
gir (ekgjr + ejgkr − ergjk) , (A.15)
L̂abk = eb(N
a
k ) +
1
2
hac
(
ekhbc − hdc ebN
d
k − hdb ecN
d
k
)
,
Ĉ ijc =
1
2
gikecgjk, Ĉ
a
bc =
1
2
had (echbd + echcd − edhbc) .
The Levi Civita linear connection ▽ = {
p
Γαβγ}, uniquely defined by the
conditions
p
T = 0 and ▽g = 0, is not adapted to the distribution (2). Let
us parametrize the coefficients in the form
p
Γαβγ =
(
p
Lijk,pL
a
jk,pL
i
bk, pL
a
bk,pC
i
jb,pC
a
jb,pC
i
bc,pC
a
bc
)
,
where
▽ek(ej) = pL
i
jkei +p L
a
jkea,▽ek(eb) =p L
i
bkei + pL
a
bkea,
▽eb(ej) = pC
i
jbei +p C
a
jbea,▽ec(eb) =p C
i
bcei +p C
a
bcea.
A straightforward calculus9 shows that the coefficients of the Levi-Civita
connection can be expressed in the form
p
Lijk = L
i
jk, pL
a
jk = −C
i
jbgikh
ab −
1
2
Ωajk, (A.16)
p
Libk =
1
2
Ωcjkhcbg
ji −
1
2
(δijδ
h
k − gjkg
ih)Cjhb,
p
Labk = L
a
bk +
1
2
(δac δ
b
d + hcdh
ab) [Lcbk − eb(N
c
k)] ,
p
C ikb = C
i
kb +
1
2
Ωajkhcbg
ji +
1
2
(δijδ
h
k − gjkg
ih)Cjhb,
p
Cajb = −
1
2
(δac δ
d
b − hcbh
ad)
[
Lcdj − ed(N
c
j )
]
,
p
Cabc = C
a
bc,
p
C iab = −
gij
2
{[
Lcaj − ea(N
c
j )
]
hcb +
[
Lcbj − eb(N
c
j )
]
hca
}
,
where Ωajk are computed as in formula (4). For certain considerations, it is
convenient to express
p
Γγαβ = Γ̂
γ
αβ + pZ
γ
αβ (A.17)
9Such results were originally considered by R. Miron and M. Anastasiei for vector bun-
dles provided with N–connection and metric structures, see Ref. [15]. Similar proofs hold
true for any nonholonomic manifold provided with a prescribed N–connection structures.
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where the explicit components of distorsion tensor
p
Zγαβ can be defined by
comparing the formulas (A.16) and (A.15):
p
Z ijk = 0, pZ
a
jk = −C
i
jbgikh
ab −
1
2
Ωajk,
p
Z ibk =
1
2
Ωcjkhcbg
ji −
1
2
(δijδ
h
k − gjkg
ih)Cjhb,
p
Zabk =
1
2
(δac δ
b
d + hcdh
ab) [Lcbk − eb(N
c
k)] ,
p
Z ikb =
1
2
Ωajkhcbg
ji +
1
2
(δijδ
h
k − gjkg
ih)Cjhb,
p
Zajb = −
1
2
(δac δ
d
b − hcbh
ad)
[
Lcdj − ed(N
c
j )
]
,
p
Zabc = 0, (A.18)
p
Z iab = −
gij
2
{[
Lcaj − ea(N
c
j )
]
hcb +
[
Lcbj − eb(N
c
j )
]
hca
}
.
It should be emphasized that all components of
p
Γγαβ , Γ̂
γ
αβ and pZ
γ
αβ are
defined by the coefficients of d–metric (14) and N–connection (1), or equiv-
alently by the coefficients of the corresponding generic off–diagonal metric
(A.2).
For a differentiable Lagrangian L(x, y), i.e. a fundamental Lagrange func-
tion, is defined by a map L : (x, y) ∈ TM → L(x, y) ∈ R of class C∞ on
T˜M = TM 8{0} and continuous on the null section 0 : M → TM of pi one
have been [14, 15] established the following results:
Result A.1 1. The Euler–Lagrange equations
d
dτ
(
∂L
∂yi
)
−
∂L
∂xi
= 0
where yi = dx
i
dς
for xi(ς) depending on parameter ς, are equivalent to
the “nonlinear” geodesic equations
d2xi
dτ 2
+ 2Gi(xk,
dxj
dς
) = 0
defining paths of a canonical semispray
S = yi
∂
∂xi
− 2Gi(x, y)
∂
∂yi
where
2Gi(x, y) =
1
2
Lgij
(
∂2L
∂yi∂xk
yk −
∂L
∂xi
)
with Lgij being inverse to (21).
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2. There exists on V ≃ T˜M a canonical N–connection
LN ij =
∂Gi(x, y)
∂yi
(A.19)
defined by the fundamental Lagrange function L(x, y), which prescribes
nonholonomic frame structures of type (5) and (6), Leν = (ei, ea) and
Leµ = (ei, ea).
3. There is a canonical metric structure
Lg = gij(x, y) e
i ⊗ ej + gij(x, y) e
i ⊗ ej (A.20)
constructed as a Sasaki type lift from M for gij(x, y) =
Lgij(x, y), see
(21).
4. There is a unique metrical and, in this case, torsionless canonical d–
connection LD = (hD, vD) with the nontrivial coefficients with respect
to Leν and
Leµ parametrized respectively LΓ̂αβγ = (L̂
i
jk, Ĉ
a
bc), for
L̂i jk =
1
2
gih(ekgjh + ejgkh − ehgjk), (A.21)
Ĉ ijk =
1
2
gih(ekgjh + ejgkh − ehhjk)
defining the generalized Christoffel symbols, where (for simplicity, we
omitted the left up labels (L) for N–adapted bases).
We conclude that any regular Lagrange mechanics can be geometrized as
a nonholonomic Riemann manifold V equipped with canonical N–connection
(A.19) and adapted d–connection (A.21) and d–metric structures (A.20) all
induced by a L(x, y).
Now we show how N–anholonomic configurations can defined in grav-
ity theories. In this case, it is convenient to work on a general manifold
V, dimV = n+m enabled with a global N–connection structure, instead of
the tangent bundle T˜M.
We summarize here some geometric properties of gravitational models
with nontrivial N–anholonomic structure [25, 26].
Result A.2 Various classes of vacuum and nonvacuum exact solutions of
(22) parametrized by generic off–diagonal metrics, nonholonomic vielbeins
and Levi Civita or non–Riemannian connections in Einstein and extra di-
mension gravity models define explicit examples of N–anholonomic Einstein–
Cartan (in particular, Einstein) spaces.
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It should be noted that a subclass of N–anholonomic Einstein spaces
was related to generic off–diagonal solutions in general relativity by such
nonholonomic constraints when Ric(D̂) = Ric(∇) even D̂ 6= ∇, where D̂ is
the canonical d–connection and ∇ is the Levi–Civita connection.
A direction in modern gravity is connected to analogous gravity models
when certain gravitational effects and, for instance, black hole configurations
are modelled by optical and acoustic media, see a recent review or results in
[45]. Following our approach on geometric unification of gravity and Lagrange
regular mechanics in terms of N–anholonomic spaces, one holds
Theorem A.1 A Lagrange (Finsler) space can be canonically modelled as an
exact solution of the Einstein equations (22) on a N–anholonomic Riemann–
Cartan space if and only if the canonical N–connection LN ( FN), d–metric
Lg ( Fg) and d–connection LD̂ ( F D̂) structures defined by the corresponding
fundamental Lagrange function L(x,y) (Finsler function F (x,y)) satisfy the
gravitational field equations for certain physically reasonable sources Υ.
Proof. It can be performed in local form by considering the Einstein
tensor (A.14) defined by the LN ( FN) in the form (A.19) and Lg ( Fg) in
the form (A.20) inducing the canonical d–connection LD̂ ( F D̂). For certain
zero or nonzero Υ, such N–anholonomic configurations may be defined by
exact solutions of the Einstein equations for a d–connection structure. 
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